All maximal finite (absolutely) irreducible subgroups of GL(S, Z) are determined up to Z-equivalence.
1. Introduction. The present paper completes our discussion of maximal finite (C-)irreducible subgroups of GL(8, Z) which we began in Part IV [15] . There are 26 Z-classes of such groups described in Theorem (4.1) as Z-automorphism groups of certain quadratic forms.
The major part of this note is concerned with finding the quadratic forms F of degree 8, the automorphism groups A of which are irreducible and satisfy the condition: each irreducible subgroup oî A has no Q-reducible subgroup of index two. (All other forms of interest were already obtained in Part IV [15] .) The procedure is nearly the same as in Part I [15] . First, we determine essentially all minimal irreducible finite subgroups of GL(8, Z) up to Q-equivalence satisfying the condition from above (Section 2). Then we compute the Z-classes of the natural representation modules of these groups, respectively, the -<-maximal centerings of the corresponding lattices, by the centering algorithm [15, Part I] . The centerings are listed on the microfiche at the end of this issue. A detailed description of the output and the associated quadratic forms in which we are mainly interested are given in Section 3. Finally, the automorphism groups of these forms and of the ones obtained in Part IV [15] are derived in Section 4. They are the representatives of the Z-classes of the maximal finite (C-)irreducible subgroups of GL (8, Z) .
In an appendix and on the second part of the attached microfiche we present a complete list of the results for all degrees 2 < n < 9. The extensive electronic computations were carried out on the CDC Cyber 76 of calculations in matrix and permutation groups, we made use of the implementation of group theoretical algorithms in the Aachen-Sydney GROUP System [4] .
Minimal Irreducible Finite Subgroups of GL(8, Z)
. Because of the results of Part IV [15] we are no longer interested in all Q-classes of minimal irreducible finite subgroups of GL(8, Z) but only in those containing groups G with the property: (ß) G has no subgroup of index two which is Q-reducible. In this paragraph we shall derive a set of representatives of the Q-classes of these groups. Often it is more convenient to compute a Q-irreducible subgroup H oî G which fixes-up to scalar multiples-exactly one quadratic form. They are obtained more easily and their number is smaller. The character x of the natural representation of H can be of two types: X = 2i^, where i// is irreducible, rational and of Schur-index 2, or X = i//j + ip2, where \p¡ is irreducible (i = 1, 2) and \p2 is the complex conjugate of i//j. We do not check in each case, if H is really contained in an irreducible group G. This can, however, be decided by the results of Section 4, where we compute the automorphism groups of the obtained quadratic forms.
Let A be the natural representation of a minimal irreducible finite subgroup G of GL(8, Z) with property (j3), and let TV be a maximal abelian normal subgroup of G. In the cases (i)-(iii) and (vi)-(viii) there are no groups G. We prove this except for case (vii) by the following lemmas some of which will also be used in the other cases.
(2.1) Lemma. If G < GL(2", Q) is an irreducible 2-group, then G has a subgroup of index 2 which is Q-reducible.
Proof. By a result of Vol'vacev [1] G is conjugate to a subgroup G of the iterated wreath product
n which has a subgroup of index 2 consisting of block diagonal matrices. The intersection with G is certainly a Q-reducible subgroup of index 2 in G. Q.E.D. Proof. By (2.2) and (2.3) G/N is a 2-group in each case. In case (i) TV is also a 2-group; hence, G is a 2-group and violates (ß) because of (2.1). In cases (ii) and (in) G/N acts imprimitively on the absolutely irreducible constituents of A|jy. One can easily find block stabilizers the inverse images of which yield a Q-reducible subgroup of index 2. Q.E.D.
(2.5) Lemma. In the cases (vi) and (viii) no group G exists which fulfills (ß).
Proof. In case (viii) TV is obviously isomorphic to the Klein-four-group. The centralizer of TV in G is Q-reducible and of index 2. In case (vi) G permutes the Cirreducible constituents of A^ imprimitively, since the constituents of Tj form a block. Clearly, the block stabilizer 5 is a Q-reducible subgroup of index 2 in G. (S is also the centralizer of TV in G.) Q.E.D.
The remaining cases are discussed one after the other. /Voo/! G must be an extension of C24 by its automorphism group (acting in the natural way). We have C24 = {a, b\a3 = bs = [a, b] = 1> and Aut(C24) = <a, ß, y) with aa = a, ba = ft3, ^ = a,bß = b~\ ay = a'1, by = b.
The cohomology group H2((a), C24) as {x G C24|jca = x}/{xxa|x G C24} is trivial. Hence, there is only one extension El of C24 by <a>. The center Z(E¡) of El is <a> x <¿>4>. Similarly, H2({ß), Z(Ey)) = C2; and there are at most two extensions E2, E2 of Ex by <0>. We have Z(E2) =Z(E2) = Z(EX). Finally, H2((y), Z(E1))^C2;
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use hence, there are at most two extensions in each case. Thus, we end up with at most four extensions altogether. We give a construction for each of them: Let T = D12 and f = (a, b\a6 = b4 = 1, a3 = b2, ab = a~l) be the two extensions of C6 by Aut(C6) and The last group is isomorphic to the central product Tl Y T2 of the quaternion group Tl as Q8 and a nonsplit extension of Aff(l, 5) by C2. Tl Y T2 has a nonfaithful integral representation of degree 8. Namely, the centralizer of the subgroup of GZ,(8, Z) -3, -5, isomorphic to 7\ in Q8x8 is isomorphic to the quaternion algebra ( "' ") in which Proof By applying the Schur-Zassenhaus Theorem one gets G = S3 x Aff(l, 5).
Q.E.D.
(2.9) Lemma. For \N\ = 30 there is no group G.
The proof is analogous to the one of (2.7).
Case (v). The restriction A|jy of A to the maximal normal abelian subgroup TV is given by Al^ = 24=1 2T¡, where the T¡ are 1-dimensional and inequivalent. Hence, TV is clearly a subgroup of {diag(a1( a2, a3, a4)\a¡ G <-/2>} of index 1 or 2. Next we show X = (_2 ~*). Namely, for X = I2 the inertia group of Vl had epimorphic images isomorphic to D8 and an extension of C\ by D6. Hence |G|.
On the other hand, \G\ = 4!|TV||4!16, obviously a contradiction. Now we claim that G is isomorphic to a subgroup of index 2 of the wreath product C2 ^ S4. We consider the faithful representation A: G -► GZ, (8 Proof. If A,(CG(TV)) is an imprimitive subgroup of GZ,(2, C), it has either a characteristic abelian subgroup properly containing A,(TV) or it is a product of A,(TV) and a quaternion group of eight elements. In both cases TV cannot be a maximal abelian normal subgroup of G. Hence, A1(CG(N)) is a primitive subgroup of GZ,(2, C).
In Blichfeldt's book [2] we find a list of all finite primitive subgroups of PSL(2, C). From these we obtain the finite primitive subgroups of GZ,(2, C) in the following way. For each group K in the list take those subgroups K of the group generated by the matrices representing K and some scalar matrices of finite order which satisfy K/Z(K) = K. Then A,(CG(TV)) is isomorphic to a subgroup of a central product of a cyclic group with one of the groups SL(2, 3), G£(2, 3), SL (2, 5) . In each of these cases the proper subgroup of G generated by TV and a 2-Sylow subgroup is still irreducible, since all of the primitive finite subgroups of GZ,(2, C) contain the quaternion group of eight elements Q8. Q.E.D.
Case ( Proof. From Clifford's Theorem we conclude that G can be transformed into a (complex) monomial matrix group. All matrices corresponding to diagonal matrices are contained in TV, since TV is a maximal abelian normal subgroup. Hence, CG(N)/N is isomorphic to a transitive permutation group of degree 4. Aj can be considered as 
(E\Mf(l, 5))
Proof. By Clifford's theory G can be transformed into a subgroup of the wreath product H 'v S4, where H is a primitive subgroup of GL(2, C). The matrices of G corresponding to the block diagonal matrices in H 'v S4 form a subgroup S of index 2 in
•For an explanation of this table see next page. CG(N). From the lattice of normal subgroups of the finite primitive subgroups of GL(2, C) (see proof of Lemma (2.11)) and the maximality of TV as a normal abelian subgroup of G we conclude that S is a central product of TV with one of the groups SL(2, 3), S4, GL(2, 3) or SL (2, 5) . In case of SL(2, 3) the group G becomes monomial. In cases of S4 and GL(2, 3) the product of TV and a 2-Sylow subgroup of G is still irreducible. In case of SL(2, 5) the normalizer of a 5-Sylow subgroup is still irreducible; compare also the proof of (2.11). Q.E.D.
Next, we must discuss the case of Aj being primitive. It is useful to present part of Blichfeldt's results [2] on finite primitive subgroups of PSL(4, C). We give a list of all finite subgroups K of GZ,(4, C) of minimal order such that all primitive subgroups of PSL(4, C) can be derived by factoring out the center Z(K ) of K. (Compare also the proof of (2.11).) The orders of the groups K in column 2 are written as products
The groups which can be obtained as subgroups of GZ,(4, Z) are marked by an asterisk in column 3. Column 5 gives the structure of the commutator factor groups which is important for the construction of all primitive finite subgroups of GZ,(4, C) from the groups of this list. The symbol Y denotes the central product, 0 denotes the central product with common factor group C2, (2°|C2) denotes an extension of 2° by C2. The subscripts s, ns refer to the extension to be split or nonsplit, respectively. E denotes the central product of the quaternion group of order eight with the dihedral group of order eight: E = Q8 Y D8.
We are now able to prove All of the groups Io-21° contain one of the extra-special groups of order 32 as a subgroup. Therefore the proper subgroup of G generated by TV and a 2-Sylow subgroup of G would still be irreducible. Q.E.D.
Case (x). In this final case we have A\N = 8r, where T is an integral representation of degree 1. Hence, TV is a subgroup of <-/8). We subdivide the case into four sections according to the minimal degree of the blocks of the complex natural representation of G. Proof. The natural representation A of G can be transformed into a complex monomial representation. Let tp: G ->S8 be the associated permutation representation. Since ker ^ is a normal abelian subgroup of G we get ker <p = TV. We first assume that TV is trivial. Then G is isomorphic to a transitive permutation group of degree 8. Since the imprimitive permutation groups of degree 8 are solvable, y(G) must be primitive.
Hence G is isomorphic to one of the groups PSL(2, 7), PGL(2, 7), A8, or S8 [18].
But A8 and S8 have no irreducible characters of degree 8 and PGL(2, 7) contains PSL(2, 7), yielding only G3. Now we assume TV = <-/8>. Some lengthy but elementary arguments show that tp(G ) is a primitive permutation group, because TV = ker <p is the only abelian normal subgroup of G Again, if *p(G ) is one of the two primitive solvable permutation groups of degree 8 (which are isomorphic to extensions of elementary abelian groups of order 8 by C7 or Aff(l, 7) [18]) then G must have an abelian normal subgroup properly containing TV. Hence, G must be isomorphic to a nonsplit central extension oiPSL(2, 7), PGL(2, 7),A8, or S8. However, A8 and S8 have no irreducible projective characters of degree 8 [17] . In the other two cases the commutator subgroup G ' of G is isomorphic to SL(2, 7) ( [ 16] ; [ 11, p. 641 ff.] ). By inspection of the character table of SL(2, 7) [16] we see that G must contain H9 as a subgroup of index 2. Q.E.D.
Next we assume that G is C-equivalent to a subgroup G of K 'v-S4, where K is one of the finite primitive subgroups of G¿(2, C) which were already described in the proof of (2.11). Let <¿>: G -*S4 denote the permutation representation derived from the embedding of G into K ^ S4.
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Therefore, ker <p contains TV properly and is not abelian. Furthermore, the n¡ are irreducible representations of ker <p. 7r,(ker (¿>) must be isomorphic either to Q8, SL(2, 3), S4, GL(2, 3), or SL(2, 5), since all other irreducible finite subgroups of GZ,(2, C) have a characteristic abelian subgroup of order bigger than 2 which would yield a normal abelian subgroup of G containing TV properly. Since the nontrivial normal subgroups of 7t, (ker <p) all contain the nontrivial center of 7r,(ker <p) we conclude that the n¡ are isomorphisms because of the general structure theory of subdirect products. An application of Clifford's theory provides that all of the 7r(. are equivalent representations (note : none of the five groups above have more than two faithful inequivalent repre-sentations of degree 2). Since the sum of the characters of the n¡ has to be rational, we end up with ker <p isomorphic to Q8 or SL(2, 3). By Clifford's theory the natural representation of G is equivalent to the tensor product of two irreducible projective representations Ax and A2 of G of degrees 4 and 2, where Aj can even be considered as a projective representation of <p(G). Since S4 is the only permutation group of degree 4 which has an irreducible projective representation of degree 4, we obtain ¡p(G) = S4; more precisely, G is a nonsplit extension of Q8 or SL(2, 3) by S4. In the first case some computations show that G has an elementary abelian normal subgroup of order 8, contradicting the maximality of TV. In the second case the centralizer CG(ker <p) of ker <p is easily seen to be isomorphic to SL(2, 3), and the character of the restriction of the natural representation of G contains both complex faithful characters of SL(2, 3) with multiplicity 2. Moreover, the product ker <p • CG(ker ip) is a subgroup of index 2 in G which is equivalent to the Qirreducible group H10. Q.E.D.
Next we assume that G is C-equivalent to a subgroup G of K 'v S2, where AT is a finite primitive subgroup of GZ,(4, C) for which we refer to the list preceding Lemma where the conjugates of h12 generate an extraspecial group Q8 Y D8 of order 32, on which h j 3 induces an automorphism of order 5 by conjugation.
Proof. If the Af are not faithful, A,-(ker ip) contains the group (B) as A5. Namely, all the other finite primitive subgroups of GZ,(4, C) have a nontrivial center which is contained in each of the other nontrivial normal subgroups. This, however, yields a normal subgroup of G containing TV properly (compare also the proof of (2.16)). Now it is easy to see that ker ¡p contains a subgroup isomorphic to A5 x A5. Moreover, A¡(A5) can be chosen integral from which one can conclude that either G was not minimal irreducible or contains a Q-reducible subgroup of index 2. Therefore, the A(. are faithful algebraic conjugate representations of ker ¡p which can be constructed over a quadratic number field.
We must now check the list preceding Lemma (2.14) for possible candidates of A,(ker ¡¿). Groups (A) and (C), (D), (F), (G), (K) which contain (A) can only provide a group G containing H5 (compare Lemma (2.14)). The argument at the beginning of this proof can be applied to the groups (B) and (H). Finally, (E) yields H9. The remaining groups 1°-21° are treated separately.
Ad 1°. Since the center of 1° and the commutator factor group are relatively prime, ker <p is isomorphic to 1°. This group has nine faithful irreducible representations of degree 4 one of which is rational, whereas the others can be constructed over Finally, we assume that G is primitive as a subgroup of GZ,(8, C). We rely on results of Huffman and Wales [9] in case 7 \ \G\ and on results of Feit [7] , [8] in case 7||G|. Proof. First we assume 7 \ \G\. By [9] G/Z(G) s PSL(2, 9) as A6 or G is a License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use tensor product of two primitive groups of degree 2 and 4. One checks easily that neither PSL(2, 9) nor SL(2, 9) has an irreducible integral representation of degree 8. Since the finite primitive subgroups of GZ,(2, C) and GL(4, C) contain proper irreducible subgroups, G cannot be minimal irreducible.
Hence 7||G|. We must check whether G is one of the groups listed in Theorem A in [8] . The groups listed under A(i), A(iii), and A(iv) cannot be transformed into subgroups of GZ,(8, Z); compare also [7] . The groups in A(ii) have an irreducible 2- However, Ft is odd and Fs is even. We should mention that we have added a reduction subroutine to the original program of the centering algorithm described in Part I [15] . This subroutine reduces the bases of the centerings with respect to the associated form. It became necessary since the entries of the C(i) obtained by the earlier version of the program became too large, especially for high class numbers.
In four cases, namely in case of H6, H1, H9, and Hl3, the centering algorithm does not terminate by the usual test, i.e. there are infinitely many <-maximal centerings. (Note: the H¡ (i = 1, ..., 13) are not C-but only Q-irreducible.) In these cases we have to make sure that we already found sufficiently many centerings.
(3.1) Lemma. 77ie quadratic forms obtained from the centerings ofH6, H13 are multiples of F5 which is the Weyl-form of the root system E8.
Proof. Let Lv L2 be two centerings of Z8X1 with respect to H6 (H13). If Li and L2 belong to the same genus, then clearly the determinants of the primitive positive forms associated with Lv L2 are equal. For both groups Hb, H13 the Q-class of the natural representation can split into at most two genera. We prove this for H6 ; for H y 3 the proof is similar.
The output shows that the lattice of 3-centerings of H6 is linearly ordered. The irreducible maximal finite subgroups of GL(8, Z) are Zequivalent to the automorphism groups of the quadratic forms Fv ..., F26.
(i) Autz(F, ), Autz(F2), and Autz(F4) are Q-equivalent. They are isomorphic to the wreath product C2 ^ 58 of order 288!. Autz(F,) is the full monomial group of degree 8.
(ii) Autz(F3) is isomorphic to the wreath product W(F4) ^ C2 of the Weyl group of the root system F4 with C2 of order 115222.
(iii) Autz(Fs) is isomorphic to the Weyl group of the root system E8 of order 2143s527.
(iv) Autz(F6) is isomorphic to the direct product S3 x W(F4) of the symmetric group on three elements and the Weyl group of the root system F4. It is of order 3Ü152.
(v) Autz(F7) is isomorphic to the wreath product Dl2 'v S4 of the dihedral group of order 12 with the symmetric group on four elements. It is of order 1244!.
Ad(vii). This follows also from [5] . Ad(viii) . The forms 9Fj~01 and F, 3 are integrally equivalent. Therefore, their automorphism groups are rationally equivalent. Fy 3 contains-up to sign-nine vectors of shortest length. The result now follows as in the proof of Theorem (4.1)(vii) in Part III [15] .
Ad (ix). Clearly, the automorphism group of '..-(r3*(rHr3 contains all matrices gx ® g2 ® g3 with g¡ G Autz((_2 ""*)), i = 1, 2, 3, as well as those permutation matrices which conjugate gx ® g2 ® g3 into^/j^ ® gnr2\ ® g^n) (tt G S3). These generate a subgroup H of Autz(F12) with H = C2 x (S3 ^ S3). To verify H = Autz(F12) we note that F12 has 27 vectors-up to sign-of shortest length. Similar arguments as used in the proof of Theorem (4.1) in Part III [15] then show that Autz(F12) has a centering with induced quadratic form /4 ® (_2 _£) and, hence, is rationally equivalent to a subgroup of Autz((_2 ~')) % S4. Ad(x). The forms 5Fj"4 and F16 are integrally equivalent; hence, their automorphism groups rationally equivalent. The rest follows from [5] .
Ad(xi). First we describe the construction of a group H which will turn out to be Z-equivalent to the full automorphism group of F15. The group SL(2, 5) has a faithful representation of degree two which can be realized over a quadratic extension E of Q(\JS ). From this representation and the regular representation of E/Q we obtain a Q-irreducible representation A of SX (2, 5) . The enveloping algebra of A(SL (2, 5) ) is isomorphic to a quaternion algebra over Q(V5 )• Its centralizer in Q8X8 is isomorphic to the same quaternion algebra. Therefore, we get a subgroup //' of GZ,(8, Q) and, hence, of GL(8, Z) which is isomorphic to a central product of SL(2, 5) by itself.
The centralizer of//' in Q8X8 is isomorphic to Q(\/5) and //' fixes a two dimensional space of quadratic forms in which one finds a form F being Z-equivalent to Fj 5. After this it is not difficult to obtain an automorphism g of F, g G //', g2 G //'. Set H = (H', g).
We now want to verify that H is the full automorphism group of F The lattice of F contains-up to sign-60 vectors of minimum length. Each of the subgroups of //' isomorphic to SL(2, 5) operates transitively and regularly on these vectors. (Note: the enveloping algebra of A(SZ, (2, 5) ) is a division algebra.) Some lengthy computations now yield that the stabilizer in Autz(F) of one of the vectors is isomorphic to the symmetric group on five elements.
Ad(xii). The same argument as in the proof of (vi) yields that Autz(F, 7) is rationally equivalent to {^GAutz(5/4-74)-vC2|(l, ..., l)g = ±(h ..., l)mod5}. Ad(xvi). The forms 21F23 and F24 as well as 21F2^ and F26 are integrally equivalent. As in Theorem (4.1) case (vii) from Part III [15] one sees that all four automorphism groups are rationally equivalent. From the way we obtained these forms we know that the group G3 in Lemma (2.15) is a subgroup of the automorphism group of F2 3. This and the fact that F2 3 has-up to sign-21 vectors of minimum length lead to the desired result by some elementary calculations. (Note: <_/8> x G3 is already transitive on the vectors of minimum length.) Q.E.D.
5. Appendix: List of Maximal Finite Irreducible Subgroups of GL(n, Z) for n < 9. The second part of the attached microfiche** contains a complete list of a set of representatives {G(i)|i = 1, ..., k(n)} of the Z-classes of maximal finite irreducible subgroups of GL(n, Z) for 2 < n < 9. For each group G(i) the output gives the following information:
(1) The matrix F(i) G Z"x" of the primitive quadratic form fixed by G(i'), i.e. gTF(i)g = F(i) for all g G G(i), the greatest common divisor of the entries of F(i) is one, G(i) = Autz(F(i")).
(2) Generating matrices for G(i).
(3) Elementary divisors of F(i).
(4) The order of G(i).
(5) The vectors of minimum length (up to sign) of F(i) as coordinate columns with respect to the natural basis.
The number k(n) of groups for each dimension n is n 2345678 9 k(n) 2 3 6 7 17 7 26 20'
In almost all cases we chose the same quadratic forms F(i) which already occur in this paper or in Parts I-IV [15] , except for F6, F7 of degree n = 5, since the forms given in Part I [15] were not reduced;
F10 of degree n = 6, where some signs in Part II [15] are missing. It should read correctly F, 0 = (3/2 -J2) ® (I3 + J3). 
